This paper illustrates how covering spaces of graphs may aid analyses of lattice walks. Elements involved in the presentation are trees in graphs, Euler numbers, free generators, group of covering transformations and actions, wedge of circles, and winding numbers, as connected by some standard theorems in algebraic topology. Also mentioned here are applications of lattice walk across many fields.
Introduction
A lattice walk is a motion over Z n , n ∈ N. It can be deterministic (e.g., rotor walk, see [3] ) or stochastic (i.e., random walk, see, e.g., [9, 13] ). This paper applies algebraic topological analytic techniques to a study of lattice walk (for related theoretical studies, cf. e.g., [7, 8, 12, 15] ). The motivation here is for the ubiquitous presence of lattice walk across diverse fields (for quantum physics, see, e.g., [4, 10] , biochemistry [2, 5] , social network [16] , computing and combinatorial studies [14] , and operations management [6] ). Section 2 below will successively present a lattice walk on Z 1 , Z 2 , and Z 3 via free groups in one, two, and three generators as expressed in S 1 , S 1 ∨ S 1 , and S 1 ∨ S 1 ∨ S 1 . We then cover the wedge of circles by linear graphs with a view to producing certain prescribed subgroups of the free groups. Among these three cases the most elaborate treatment will be that of the walk over Z 2 , for Z 1 from S 1 has the simplest structure, and Z 3 from S 1 ∨ S 1 ∨ S 1 will be an extension of S 1 ∨ S 1 by analogy. For expository purposes, we will simply highlight any standard theorems in algebraic topology in our presentation. Finally Section 3 will conclude with a summary.
Analysis

1-dimensional Walk
Consider the standard covering map p 1 of X = {(cos 2πx, sin 2πx) x ∈ R},
which shows that the fundamental group π 1 (X, x o ) (Z 1 , +) and ∀f ∈ π 1 (X, x o ) ∃ a unique liftingf : [0, 1] −→ E 1 withf (1) = the winding number of f with respect to (0, 0), or the ending position of the walk over Z 1 . Suppose that we are interested in the subgroup H o ⊂ π 1 (X, x o ) that is generated by f withf (1) = 2; then f has the path f (s) = (cos 4πs, sin 4πs), s ∈ [0, 1], and H o 2 ⊂ (Z 1 , +). This suggests the following covering map p 2 which will have its induced homomorphism p 2, * with the property that p 2, * (π 1 (E 2 , e 2,0 )) = H o :
2-dimensional Walk
a free group of two generators, with its first homology group
Since X is a wedge of circles, it can be represented as a linear graph composed of two triangles intersected at {x o }. Then the Euler number χ (X) : = the number of vertices − the number of edges (5) = 5 − 6 = −1, so that 1 − χ (X) = the number of free generators for π 1 (X, x o ) = 2, in agreement with card {α, β}; alternatively, the number of free generators can also be determined by the number of edges remaining after a maximal tree T max is remove from X, then 6 − 4 = 2 as well. Since X is path connected, locally path connected, and semi-locally simply connected, X has a universal covering space such that
Since any subgroup of a free group is a free group, we consider the subgroup
for the following motivation: If we assign a mapping F :
−1 = 5 and consider the group (C, ·), then by the extension property for a free group (the H o above) we obtain a unique homomorphism
, and F (αβα −1 ) = 5. It then follows that
which may model some closed sub-networks (cf. [1, 2] for strongly connected sub-systems). Furthermore, as we shall show later, 
where T L ≡ triangle with vertices:
3 ≡ square with vertices:
T R ≡ triangle with vertices:
Then χ (E) = 8 − 10 = −2 and 1 − χ (E) = 3 = card {α 2 , β, αβα 1] , and (15)
Define now an action
Then h 2 = I 2 and the group of actions G = {I 2 , h} is properly discontinuous, with the orbit space of G equal to
Consider the quotient map Π : E −→ E/G (E). Since E is path connected and locally path connected, with G being properly discontinuous Π is a regular covering map of E/G (E). Since
if we identify E/G (E) with X, then Π = p so that p : (E, e o ) −→ (X, x o ) is a regular covering with its group of covering transformations
in bijective correspondence with {e o, e 1 }. Consequently
Now since the number of free generators for H o equals kn + 1, with k ≡ the index of H o in π 1 (X, x o ) and (n + 1) = the number of free generators for π 1 (X, x o ), we have k = 2. Thus, (7) ).
(24)
3-dimensional Walk
We make an analogous presentation to that in the preceding Subsection 2.2.
γ be a wedge of three circles as represented by a graph composed of three triangles,
Consider
Then we set
Then χ (E) = 12
X. Similar to the parametrizations for the above 2-dimensional walk, we use {s 
Summary
It is clear that the above analyses can be extended to a lattice walk in ndimensions by way of X := S X, x o ) into H o along with its cosets may yield some observed clusters of the network flows (cf. e.g., [11] ). As alluded to earlier, lattice walk presents itself in many fields. Thus our work here serves as an illustration of how an algebraic topological treatment may be incorporated in these analyses.
